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We present a procedure that combines Lagrange polynomial interpolation with energetic finite differences. 
Thereby we achieve versatility and simplicity for the numerical solution of plate-bending problems whose 
boundaries have arbitrary geometrical forms. The theory is developed to allow simplicity of implementation. 
Although this approach has broad applicability the work described here deals specifically with the static linear 
analysis of thin plates subjected to lateral loading. We present examples and discuss the accuracy and eficiency 
of the formulation. 0 1997 by Elsevier Science Inc. 
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1. Introduction 
The finite difference energy (FDE) method recently has 
been applied successfully to different structural 
problems.‘~* As with the numerical method of finite ele- 
ments this procedure benefits from the advantages of a 
variational formulation. These are the generation of sym- 
metric positive definite matrices and the requirement of 
the prescription of only the essential boundary conditions. 
Over the past years investigations have been directed 
to overcome the limitations of the standard finite differ- 
ence method. Such limitations include the lack of geomet- 
ric generality and the presence of fictitious points. For 
example Frey3 associated isoparametric elements with 
standard finite differences defining a flexible stencil 
adaptable to variable meshes. Recently approaches to 
boundary modelling and procedures eliminating the need 
for fictitious points have been presented for finite differ- 
ence applications in solid mechanics.4,5 Barve and Dey’ 
introduced the concept of isoparametry into the context of 
the finite difference energy method, based on an orthogo- 
nal curvilinear system for treating plate problems with 
complex geometries. In this paper we continue the investi- 
gation on curvilinear variational finite differences, with 
the improvement of Lagrange polynomial interpolation 
for more conveniently representing such an isoparametry. 
The coordinate transformations are established in an 
easier and more systematic manner. The development of 
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the relationships involved in the process is straightforward 
without the need to obtain the inverse of the matrix of 
transformation coefficients. We achieve, by these means, 
simplicity and practicality for the implementation of arbi- 
trary regions. A bilinear-blended quadrilateral structured 
mesh is generated based upon a flexible finite difference 
stencil for discretizing regions with arbitrary boundaries. 
We approximate the displacement derivatives in the en- 
ergy functional as well as the geometric boundary condi- 
tions by finite difference expressions in terms of the nodal 
deflections. Thus the plate-bending problem reduces to 
the determination of the transverse displacements satisfy- 
ing the prescribed geometric boundary conditions and 
minimizing the energy integral expression. 
We borrow the element idealization from the finite 
element formulation and systematically assemble local 
matrices for computer implementation. We obtain global 
matrices, in the usual manner, by transforming the ele- 
ment matrices from the local coordinate system to the 
global coordinates. 
2. The total potential energy of the plate 
The total potential energy of an isotropic thin plate sub- 
jected to lateral loading in its domain can be expressed as 
ET DE dxdy - dTf (1) 
where the matrix of strain components is defined by 
ET= -w’,~~ 
[ --w ‘YY - 2WTXY 13 (2) 
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d represents the vector of transverse displacements [WI’, 
and f represents the external loads. The D matrix contains 
the elastic properties. 
3. The Lagrangian finite-difference element 
From physical considerations of the variational formula- 
tion the domain of interest is subdivided into areas associ- 
ated with “elements.” We define a curvilinear coordinate 
system for the plate region 9 with the blending-function 
method7 from a unit square domain ._Y= [O,l] x [O, 11 in 
R2. Following the work of Frey3 a curvilinear nine-point 
quadrilateral element is assigned to each node of the 
mesh as shown in Figure 1. By means of a univalent 
transformation the curvilinear quadrilateral in the x,y- 
plane region 9 is associated with a correspondent 
straight-sided square in the s,t local parameter domain 




, i = 1,2,3 
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and, inversely, polation. 
We obtain the first- and second-order derivatives of 
r _I x,y with respect to s, t at the node (1, m), from the 
F_’ = S(XYY) 
i I t(x, y) (3) expressions (5) by deriving its shape functions. Then fol- lows 
with Jacobian determinant 
d(x,y) y= - I I J(s,t) (4) 
3 3 
Thereby the vector-valued function F induces a topologi- (X,o,,m = 
cal distortion of the parameter square element. 
C C ‘ij4ildjm 
i=l j-1 
Each point of the mesh constitutes the internal node of 
an element. We determine the coordinates x,y and the 
transverse displacement w from the nine-node element 
data that are represented by the following tensor-product 
and other similar expressions. The arrays qr,, gi,, and qll 
include the standard second-order central difference oper- 






7 I 2 i=3 
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Figure 1. The univalent mapping of the square element in the 
s,r-plane in I?* onto the curvilinear element of the arbitrary 
mesh on 9. 
(7) 
1 0 0 
qi,= pi = cCs(tr) = [ 0 1 0 0 0 1  
Cjil = &s,) = l&f,) = 5 2[ 1; -i -i] (8) 
with the other arrays written in a similar manner.3 
We introduce fictitious nodal points beyond the plate 
region to evaluate the integral in the energy expression on 
the boundary nodes. The geometric boundary conditions 
of the problem are then expressed by central finite differ- 
ences. We set nodal displacements on simply supported 
and clamped boundaries equal to zero by elimination of 
the associated equations, removing the fictitious nodes 
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By substituting equation (11) into equation (5~) the 
partial derivatives at the node (I, m) can be written as 
(%,,),,, = 5 5 (L)i,r???w*, 
i=r ]=I 
3 3 
adjacent to these boundaries by symmetry considerations. 
The displacements of these nodes are conveniently related 
to those of the corresponding real nodes in the domain. 
By these means no additional displacement is considered. 
We approach the relationships between the fictitious cor- 
ner nodes and the corresponding internal ones with the 
artifice of an imaginary extension of the boundaries. One 
can treat the fictitious nodes adjacent to free boundaries 
as a virtual extension of the plate beyond the edges and, 
therefore, retain them. Q To perform the area integration 
in expression (1) we rectify the contour of the flexible 
element in the x,y coordinate system for simplicity. The 
area of each one of the four cells of the model is esti- 
mated by trapezoidal rule over each subinterval in x. The 
area of the internal element comprises one quarter of the 
sum of those related to its cells (Figure 1). For the 
boundary element area only the two cells in the plate 
domain contribute. Even though the elements sharing 
common nodes superpose on another there is no overlap- 
ping of their respective areas. The sum of the element 
areas does not exceed that of the plate. 
(w’,V)[,, = C C (b,Vy)ij/mWij 
i=l j=l 
(w ‘XY)[,m = i 5 (bry)ijJmWij 
i-1 j-1 
(13) 
with the coefficients b,,, byv, and bxy as follows: 
(bx*)ij,m = (~~)*~~/qJm + 2T’sTiLji,djj, + (Iri)‘qi,lj.jm 
+(T,ST~,, + T:TxS,,r)gj/qjm 
+ CT,‘: 7 + TiT’,,)qi,Gjm 
(byy);jrm = (T,S)‘iji,qj, + 2T;TiLiirdjrn + (T,f)*qt,ijirn 
4. The difference expressions for the strains 
The knowledge of the values for the derivatives of x(s, t) 
and y(s, t) enables us to determine the partial derivatives 
of the transverse displacement component w(x, y) by us- 
ing the chain rule. These relationships can be expressed in 
tensor notation as 
+(T,“T,‘,, + T,‘T:,,)qilcjjm (14) 
(bxy)ij/, = ‘,ST,qi,q,, + (T,‘TJ + T:7;s)di,Q,, 
+ CT:qi/iij, + (T,,,T: + TxS,,s7;J.)~,,qlm 
+(T:,,T,” + T:,lT,f)qi/gjm. 
w,~ = Ti”w,, (9) 
where i and n refer to x, y and s, t respectively. Second- 5. Matrix formulation 
order derivatives can be obtained from equation (9) as 
follows: 
After writing the generalized strains (equation [2]) in 
finite differences we may define the total potential energy 
w,ij = Tj”‘(T;“w,,),,. (10) 
of the elements as a function of the nodal displacements. 
The equilibrium equations can be obtained from the 
stationary condition 
By expanding the left-hand side of the equation above one 
obtains C?fIe - =o, 
dW,; 
i,j= 1,2,3 (15) 
w,ij = 7;.mTin,mw,, + TjmTinw,,,,,,. (11) 
We obtain the coefficients 71” and Tr,,, in the expres- 
sion above from the derivatives of x(s, t) and y(s, t> 
together with the Jacobian determinant and its derivatives 
x,. Some of these coefficients are 
TX=ds=dy 2 
X ax dx I 
(12) 
with II’ being the total potential energy of the element. 
From the latter expression it follows that 
K’d’ - f’ = 0 (16) 
where f’ and d’ represent, respectively, the load and the 
nodal displacement vectors of the element and 
Ke=jj BrDB &dy. (17) 
The latter matrix is referred to as the element stiffness 
matrix in which 
with the others expressed similarly. with components b,,, b,,, and bxy given in equation (14). 
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The global stiffness matrix and load vector are ob- 
tained by considering the contributions of each element, 
as usual; symbolically, 
K=CKe 
f = Cf’. 
(19) 
The global equations of equilibrium are written as 
Kd=f (20) 
with d being the vector of nodal displacements of the 
structure, which is then determined by 
d=K-‘f. (21) 
The overlapping of elements with common nodes raises 
the question of continuity of the lateral displacements and 
its derivatives. The use of Lagrange’s interpolation formu- 
las for expressing the displacements w of these nodes 
provides them with interelement continuity. The first- and 
second-order derivatives of these displacements are not 
introduced as unknowns in the present method but are 
obtained by finite differences. Because the latter deriva- 
tives at common nodes are a function of different nodal 
variables contained in different patches they are clearly 
discontinuous. Despite this lack of conformity the satisfac- 
tion of certain basic requirements such as constant curva- 
ture tests over element patches should assure conver- 
gence. Indeed thin plate-bending finite elements having 
this intrinsic deficiency still show a successful perfor- 
mance when used for practical purposes. 
6. Numerical examples 
To test the accuracy and efficiency of the proposed formu- 
lation we present two plate-bending problems with con- 
stant thickness. We have chosen relatively simple, but 
substantial problems (considering their respective geomet- 
ric configurations) that have known analytical solutions to 
evaluate the accuracy of the FDE method. Even though 
these examples use regularly organized meshes, the 
method works successfully for irregular meshes as well. 
6.1. Example 1. Skew plate 0.0825 
We consider a skew plate with a Poisson’s ratio v= 0.3 
and Young’s modulus E = 20.60 x lo6 kN/m2 subjected 
to the uniform load of 29.4 kN/m2 and simply supported 
at the boundaries, as shown in Figure 2. We obtained 
results for both deflection w and bending moments M, 
and My at the center of the plate. Figures 3 and 4 show 
the good agreement of the results from the present formu- 
lation with the analytical solutions.’ Note that these re- 
sults are quite satisfactory despite the considerable mesh 
distortion near the plate corners induced by fictitious 
nodes. The FDE method presented here with arbitrary 
meshes yields more accurate results than the finite ele- 
ment method (FEM) solution with triangular elements 
3 0 0 --)-- analytic 
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Figure 3. Center transverse displacement w for the skew 
plate. 
a 
Figure 2. Skew plate with a = 12 m, thickness h = 0.10 m, 
and a = 60”. 
from the $TRUDL-II program.” The results obtained by 
Nobregal’ with the standard finite differences (SFD) are 
more accurate than those from the FEM, but they exhibit 
lower convergence and less accuracy when compared to 
the values from the FDE method presented here. 
Actual CPU time is difficult to compare because it is 
implementation dependent, and the demonstration FDE 
implementation we describe is not as highly optimized as 
large, commercial FEM packages. To estimate the relative 
computational efficiency of the FDE method to the FEM 
one can consider the number of degrees of freedom 
(d.0.f.) that determine the number of equations solved. In 
the FDE method, for thin plates, there is one d.o.f., while 
in the FEM there are three d.o.f. per node. Thus the FEM 
has approximately three times as many equations to solve. 
Because many procedures require 0(N2) steps to com- 
pute the solution for N equations one can expect that the 
FDE method may be as much as nine times less expensive 
to compute as the FEM for thin plate problems. In the 
present example the FDE method uses one third as many 
d.o.f. as for the FEM, implying much greater computa- 
tional efficiency of the first method. 
Furthermore our procedure shows an improvement of 
efficiency over the one proposed by Barve and Dey.6 This 
o.0850 r---- 
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Figure 4. Center-bending moments for the skew plate: (a) M, 
(b) M,. 
is because our Lagrangian isoparametric formulation al- 
lows a very systematic and straightforward algorithm im- 
plementation. We avoid their tedious way of defining the 
matrix that relates the function value at any point in the 
plate region to the nine points of the model. Moreover 
there is no need to invert the matrix of the coordinate 
transformation coefficients in our formulation. 
6.2. Example 2. Triangular plate 
We also performed calculations for an equilateral triangu- 
lar plate with flexural rigidity D subjected to a uniformly 
distributed load of intensity p and with simply supported 
boundary conditions. We consider the discretization of the 
whole structure and the simple and double symmetry 
cases (Figure 5) for the analysis of the deflection w at the 
center of the plate. Figure 6 indicates a good convergence 
of the results to the analytical solution’* as the mesh is 
more refined for the full-plate and single-symmetry cases. 
These results are satisfactory even with a reduced number 
of unknowns. However the double-symmetry case (Figure 




t b) c) 
b 
a 
Figure 5. Equilateral triangular plate. (a) Discretization of the 
full plate; (b) due to the single symmetry, only one half of the 
plate is discretized; and (c) due to the double symmetry, only one 
third of the plate is discretized. 
increases. This is due to the larger distortion of the mesh 
near the obtuse vertex of the quadrilateral at the center of 
the triangle where the deflections are compared to the 
analytical solution. 
To provide a better visualization we portray the results 
obtained with the analytical solution and the FDE method 
as contours of deflection and bending moment. Figure 7 
also presents the distribution of nodal relative errors over 
the triangular plate whose geometry and discretization are 
shown in Figure 7(a). Comparison between the contours of 
analytical values for deflection wan and bending moment 
(IV,),,,, displayed in Figures 7(b) and 7(e), respectively, 
with the corresponding results of the FDE method for w 
and A4, (Figures 7[c/ and 7(fl, respectively) reveals the 
high accuracy of the latter. We also note, from the con- 
tours in Figures 7[dJ and 7[gJ, the smoothness of the 
distribution of nodal relative errors for w and M,, respec- 
tively. The only exception is the strong concentration of 
error in the w values in the region near the vertex where 
there is gross distortion of the mesh. 
7. Concluding remarks 
The procedure described in this paper allows generality 
and simplicity in a systematic implementation for treating 
plate-bending problems. The association of standard cen- 
1.03 -- . 
,+-- c+ 
1.02 -- 







degrees of freedom 
Figure 6. The values for w/w,, versus the number of degrees 
of freedom for the equilateral triangular plate with Poisson 
coefficient V= 0.3. 
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0.0 0.2 0.4 0.6 0.8 1.0 
(a) (b) 
Cc) Cd) 
Figure 7. Contour of the analytical and FDE solutions for the triangular plate with Poisson coefficient V= 0.0. (a) Mesh discretization 
of 9 X 4 divisions; (b) contours of analytical deflections w,, x D/pa4; (c) contours of estimated deflections w x D/pa“; (d) contours of 
(w - w,,Vw,, with a logarithmic interval; (e) contours of analytical bending moments; (f) contours of estimated bending moments 
M, X (pa')-'; and (g) contours of (M, -(M,),,,)/(M,),,. 
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tral finite differences with a Lagrangian isoparametric 
formulation leads to high accuracy and fast convergence 
of numerical results when dealing with arbitrary planar 
geometries. Moreover computational efficiency and nu- 
merical stability ensue from the variational nature of the 
present formulation. Finally the errors for the nodal esti- 
mates are, in a general way, evenly distributed over the 
discretized region because of the mild distortion spread 
almost uniformly throughout the mesh. 
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